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A range of modes of mobility for spatial structures can be achieved by selecting the rotational features of
the joints. Similar mechanical characteristics are observed in structures ranging from molecules to build-
ings. The local rotational manner in a solid with an internal spatial structure performs a key part in dic-
tating the nature of structural deformability. In this paper, we propose a two-dimensional repetitive
motion structure assembled with straight rigid bars connected by 8-bar pivot joints. By determining
the rotational modes of the 8-bar joint with certain geometrical constraints, we introduce some tele-
scopic transformations of the proposed structure producing both well-known and novel motions. In addi-
tion, we verify one of the deployable mechanisms by manufacturing it and testing activation by a single
rotary operation.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Speciﬁc spatial structures vary in scale from the cellular to
architectural, forming lightweight constructions in limited space
capable of resisting external loads or accommodating a wide vari-
ety of large deformations (Ashby, 1992; Gibson and Ashby, 1997).
Regardless of scale, these spatial structures are made up of con-
nected beam members whose geometrical conﬁguration deter-
mines the mode of deformability. Generally the deformation
modes can be classiﬁed into two groups: stretching dominated
structures or bending dominated structures (Deshpande et al.,
2001; Wicks and Guest, 2004).
The rotational mechanics of the connections is the key factor in
determining the nature of the structural deformability. Some types
of bending dominated structures deform because of the coordi-
nated rotation between the beam members through each connec-
tion, a mode that can be identiﬁed by the co-rotation of each joint.
For instance, the functional structures with a negative Poisson’s ra-
tio have notable geometrical conﬁgurations composed of some
speciﬁc connections (Evans and Alderson, 2000), which expand lat-
erally when stretched. This type of curious deformation is termed
auxetic behaviour by Evans et al. (1991). It has been reported that
some auxetic behaviours can be achieved by the co-rotation of
the rigid components (Smith et al., 2000; Grima and Evans, 2000;ll rights reserved.
x: +81 (3) 3818 0835.
. Tanaka).Gaspar et al., 2005), where the rotations play a signiﬁcant role in
the structural behaviour.
Our recent work focused on the joint rotation of planar repeti-
tive structures to establish the relationship between overall defor-
mability and the local rotation of planar structures. In addition, we
have presented some noteworthy modes of deformation, such as
auxetic deformation with a negative Poisson’s ratio of a 4-bar
jointed structure (Tanaka and Shibutani, 2009), or post-buckling
behaviour, with high-energy absorption, of square cells (Tanaka
and Shibutani, 2008). These observed mechanical characteristics
depend strongly on the ﬂexibility of the joints forming the
structure.
Motion structures of the type introduced by You (2007) are spa-
tial structures characterized as movable assemblies according to
the rotation of the rigid struts and the rotational interactions of
the joints. The applications of the unique deformability of these
structures range from exotic toys such as Chuck Hoberman’s prod-
ucts (Hoberman Designs Inc., 2011) to satellite solar panels. The
most common types of motion structures are scissor-hinge struc-
tures (Akgün et al., 2010), and the most basic type is fabricated
by assembling straight rigid bars with three pivot joints, one on
each end and one in the middle, as shown in Fig. 1(a). All of the
joints in this assembly have counter-rotation (relative rotation)
motion with a single rotational degree of freedom, and when
assembled in a linear fashion, the result is a structure with deploy-
able motion and one kinematical degree of freedom. Fig. 1(b) also
illustrates repetitive structures exhibiting a similar deployable mo-
tion with counter-rotating joints in a rhombic grid. The extended
a b
Fig. 1. The most common types of scissor-hinge structures: (a) linear assembly
with a mechanism (m ¼ 1); (b) repetitive assembly on a rhombic grid, with an
overconstrained mechanism.
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has been proposed by Hoberman (1990), and some novel designs
and applications have been proposed: e.g., foldable bar structures
with advanced angulated bars (You, 1997; Patel and Anantha-
suresh, 2007) and practical retractable roof frameworks (Hober-
man, 1991; Buhl et al., 2004). In addition to the regular scissor-
hinge structure, all of these structures with angulated bars can
achieve their particular folding and expanding motions by coun-
ter-rotation of joints arranged in a circular pattern.
The mobility of motion structures is determined by the classic
mobility rules attributed to Hunt (1978) to Grübler (1917) or Kutz-
bach (1929), and by the extended mobility rule of Guest and Fow-
ler (2005). For instance, the Kutzbach criterion has the following
form for two-dimensional mechanisms:
m ¼ 3ðn 1Þ  2j1  j2; ð1Þ
where m is the mobility of the mechanism, n is the number of links,
and ji is the number of joints having i degrees of freedom. In the
case of the scissor-hinge structure in Fig. 1(a), Eq. (1) gives m ¼ 1
from n ¼ 2p and j1 ¼ pþ 2ðp 1Þ, where p is the number of central
pivot joints. However, the repetitive scissor-hinge structure in
Fig. 1(b) leads to mobility even thoughm is negative, which is called
an overconstrained mechanism.3
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Fig. 2. (a) Structural loop unit (4RE-linkage) is formed by 16 equilateral and rectilinear b
(unﬁlled circles) or four nodes of 4-bar joints (grayish circles) with indeﬁnite bonding;It is apparent from the mobility criterion that non-loop movable
structures made up of rigid bars connected by joints form a mech-
anism that behaves as a counter-rotation with a single degree of
freedom. However, the mobility of a loop movable structure con-
structed from the same component set is not always judged by
the mobility criterion, because the loop assemblies may be over-
constrained. In our study, we determine the detailed structural
mobility from the standpoint of the geometric arrangement of
the joint rotations.
This paper consists of two parts. We ﬁrst present the loop struc-
ture assembled from 8-bar joints and show that it is valid to pre-
dict the possible modes of mobility of the proposed repetitive
assembly by examining the rotational modes of the 8-bar joint.
In the second part, to verify the obtained mobility, we make the
deployable mechanism using a single actuation.2. Structural model
2.1. Basic structural unit (4RE-linkage)
As shown in Fig. 2(a), the loop structure is made of sixteen iden-
tical straight bars connected by eight 2-bar joints and four 4-bar
joints, which becomes the elementary unit of the proposed struc-
ture discussed in Section 2.2. All the 2-bar joints (unﬁlled circles)
indicate the pinned joint on which the two connected bars can ro-
tate freely. In contrast, we denote the connected states of all the 4-
bar joints (grayish circles) as being indeﬁnite. The basic structural
unit is a closed-loop with four pairs of rhombic elements (REs) that
are incrementally rotated by 90. We call this structural unit the
‘‘4RE-linkage’’. The initial conﬁgurations are determined by the
length ‘ and the angle a of the component bars, that is,
AB ¼ BC ¼ CD ¼ DA ¼ ‘, and \ABC ¼ \CDA ¼ 2a, using the sym-
bols in Fig. 2(b).
To understand the mechanism of a 4RE-linkage, let us ﬁrst re-
view the motions of a single RE framing a 4RE-linkage. Fig. 2(b)
illustrates the RE, and the four rigid bars are hinged at A, B, C,
and D, indicated by the unﬁlled circles. The parameters of the pla-
nar motion can be described by h ¼ fhAhBhChDg, where hi stands for
the respective rotation of each bar. It is clear that we obtain m ¼ 1
for the RE as a well-known result for a two-dimensional ‘‘four-bar
chain’’ (Calladine, 1978). Compared with the mobility criterion,
more detailed motions can be derived from the following condition
of a geometrical constraint. Because of the closed-loop conﬁgura-
tion, the RE satisﬁes AB
!þ BC!þ CD!þ DA! ¼ 0 for the arbitrary1
2
(1)φ1
)
ℓ
θA
θB
θC
θD
α
α
A
B
C
D
b α
α
ars, both ends of which are connected to one another by eight pivots of 2-bar joints
(b) a rhombic element (RE) of a 4RE-linkage.
(i , i )
φ1 φ8
φ7φ5 φ6
φ4
φ3
φ2
(i +1, i )(i −1, i )
(i , i +1) (i +1, i +1)(i −1, i +1)
(i , i −1) (i +1, i −1)(i −1, i −1)
1
4↔23
4 1
2
4
23
4
1
23
1↔3
3↔1 2↔4
ba
x y
x y
x yx y
x y
x yx y
x y
x y
Fig. 3. (a) Repetitive assembly of 4RE-linkages; (b) the rotational parameters of the repetitive structure.
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ponent equations with respect to the horizontal and vertical axes
(x- and y-axes), as follows:
x :‘cosðhAþaÞþ‘cosðhBaþpÞþ‘cosðhCþaþpÞþ‘cosðhDaÞ¼0;
y :‘sinðhAþaÞþ‘sinðhBaþpÞþ‘sinðhCþaþpÞþ‘sinðhDaÞ¼0:
ð2Þ
Arranging Eq. (2) by a, they become
x :cosaðcoshAcoshBcoshCþcoshDÞþsinaðsinhAsinhBþsinhCþsinhDÞ¼0;
y :cosaðsinhAsinhBsinhCþsinhDÞþsinaðcoshAþcoshBcoshCcoshDÞ¼0:
ð3Þ
From Eq. (3), we obtain the following condition of rotations for a in
½0;p=2:
hA ¼ hC; hB ¼ hD; 8a;
hA þ hD ¼ hB þ hC; a ¼ 0;
hA þ hB ¼ hC þ hD; a ¼ p=2:
8><
>: ð4Þ
If we assume that all the rotation parameters should be either +1 or
1 because of the coordinated motion with a single degree of free-
dom for the RE, we obtain four combinations of rotational modes
from Eq. (4), as follows:
h0 ¼ fþ1þ 1þ 1þ 1g;8a;
h1 ¼ fþ1 1þ 1 1g;8a;
h2 ¼ fþ1þ 1 1 1g;a ¼ 0;
h3 ¼ fþ1 1 1þ 1g;a ¼ p=2;
ð5Þ
with hA selected as +1. In Eq. (5), the rhombic element results in two
motions of h0 and h1 for the arbitrary a. Here, h0 indicates the rota-
tion of the overall structure. This overall rotation should be consid-
ered to be separate from the other motions accompanied by
structural changes. Meanwhile, h1 shows the change of rhombic
shape corresponding to the action of the mechanism, i.e., m ¼ 1.
In addition, in certain conﬁgurations two different types of motion
are possible, that is at a ¼ 0 or at a ¼ p=2. Thus, the secondary
motion exists against the primary motion of h1, which is the
rotational mode of h2 ða ¼ 0Þ or h3 ða ¼ p=2Þ. Therefore, the
conﬁgurations for a ¼ 0 and p=2 satisfy the condition m ¼ 2,
and these points of intersection of the two different paths, fh1; h2g
or fh1; h3g, are called kinematic bifurcation points by Kumar and
Pellegrino (2000), Tarnai (2001) and Lengyel (2002).
In a similar fashion, we determine the possible motions of a
4RE-linkage. As mentioned above, the primary motions of the
rhombic element without a kinematic bifurcation point are the
two rotational modes of h0 and h1. These two motions can be rep-
resented by the transformation of the segment AC (the broken line
in Fig. 2(b)): h0 is the rotation and h1 is the elongation and contrac-
tion of the segment AC. The segment transformation is determinedby two parameters, hA and hB, because of the constraint of Eq. (4).
To take the segment transformation into account, we have the rela-
tional expression regarding the movable shape of a 4RE-linkage
under the following loop conformation with respect to the x- and
y-axes:
x : h
/ð1Þ1  /ð1Þ2
2
 !
cos
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2
þ p
2
 !
þ h /
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2
 !
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2
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 !
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¼ 0; ð6Þ
where the function h indicates the length of the segment AC and is
given by
hðtÞ ¼ 2‘ sin aþ tð Þ: ð7Þ
In Eq. (6), the two coefﬁcients of each term depend on the parame-
ter /ðiÞj , which represents the rotational displacement of the jth bar
on the ith joint as shown in Fig. 2(a). For example, in the ﬁrst term
of the upper Eq. (6), hðÞ changes whereas cosðÞ is constant if
/ð1Þ1 ¼ /ð1Þ2 , and vice versa if /ð1Þ1 ¼ /ð1Þ2 . Consequently, Eq. (6)
means that each one of the four segments framing a 4RE-linkage
must act on either a rotation or an elongation/contraction to retain
conformation of a closed-loop. Arranging Eq. (6) in terms of a, they
become
x : sinað sin/ð1Þ1  sin/ð1Þ2  cos/ð2Þ3  cos/ð2Þ4 þ sin/ð3Þ5 þ sin/ð3Þ6
þ cos/ð4Þ7 þ cos/ð4Þ8 Þ þ cosaðþ cos/ð1Þ1  cos/ð1Þ2  sin/ð2Þ3
þ sin/ð2Þ4  cos/ð3Þ5 þ cos/ð3Þ6 þ sin/ð4Þ7  sin/ð4Þ8 Þ ¼ 0;
y : sinaðþ cos/ð1Þ1 þ cos/ð1Þ2  sin/ð2Þ3  sin/ð2Þ4  cos/ð3Þ5  cos/ð3Þ6
þ sin/ð4Þ7 þ sin/ð4Þ8 Þ þ cosaðþ sin/ð1Þ1  sin/ð1Þ2 þ cos/ð2Þ3
 cos/ð2Þ4  sin/ð3Þ5 þ sin/ð3Þ6  cos/ð4Þ7 þ cos/ð4Þ8 Þ ¼ 0: ð8Þ
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ð0;p=2Þ from Eq. (8):
/ð1Þ1 ¼ /ð3Þ5 ;/ð1Þ2 ¼ /ð3Þ6 ;/ð2Þ3 ¼ /ð4Þ7 ;/ð2Þ4 ¼ /ð4Þ8 ; 8a;
/ð1Þ1 þ /ð4Þ8 ¼ /ð2Þ4 þ /ð3Þ5 ;/ð1Þ2 þ /ð2Þ3 ¼ /ð3Þ6 þ /ð4Þ7 ; a ¼ p=4:
8><
>: ð9Þ
In a similar way for Eq. (5), we assume that all of the rotation
parameters /ðiÞj should be either + 1 or  1 to take account of the
necessary condition for the possible motion of a 4RE-linkage with
a single degree of freedom. Based on this assumption, we let
/ð1Þ1 ¼ þ1 and obtain the eight different modes, which are
f/ð1Þ1 /ð1Þ2 /ð2Þ3 /ð2Þ4 /ð3Þ5 /ð3Þ6 /ð4Þ7 /ð4Þ8 g
¼
fþ1þ 1þ 1þ 1þ 1þ 1þ 1þ 1g; 8a;
fþ1þ 1 1 1þ 1þ 1 1 1g; 8a;
fþ1 1 1þ 1þ 1 1 1þ 1g; 8a;
fþ1 1þ 1 1þ 1 1þ 1 1g; 8a;
fþ1 1 1 1þ 1 1 1 1g; 8a;
fþ1 1þ 1þ 1 1 1þ 1 1g; a ¼ p=4:
fþ1 1þ 1þ 1 1þ 1 1 1g; a ¼ p=4:
fþ1 1þ 1þ 1þ 1þ 1 1þ 1g; a ¼ p=4:
8>>>>>>>>><
>>>>>>>>>:
ð10Þ
The rotational modes of Eq. (10) represent the basic motions of a
4RE-linkage, and indicate the ways the 4-bar joints connect to real-
ize such motions. In other words, the 4RE-linkage can perform these
motions only by being adequately connected at the joints. The
structures of 4RE-linkages are determined by selecting the modes
of connection based on Eq. (10); e.g., some of the 4RE-linkages are
equivalent to the subtypes of closed double chain linkages consist-
ing of four pairs of scissor-like elements (Mao et al., 2009). We now
focus on the modes of connecting the joints and discuss about how
to assemble the 4RE-linkages as a basic structural unit to clarify the
characteristics of the motions deﬁned by Eq. (10).
2.2. Repetitive assemblies of 4RE-linkages
Similar to a jigsaw puzzle, it is difﬁcult to derive all of the
motion patterns for a number of possible mobile assemblies, even
though such motion patterns are formed by the minimummovable
unit of the 4RE-linkages. In this section, we present certain types of
repetitive and combined assemblies of 4RE-linkages, ranging from
well-known to novel structures. We deﬁne a repetitive assembly as
a structure built using only the identical rotational mode of the 8-
bar joints, while a combined assembly stands for a structure built
of multiple rotational modes.
Considering the ﬁnite number of repetitive assemblies of 4RE-
linkages, we start by focusing on the 4RE-linkage in Fig. 2(a). Note
that the motion conditions of Eq. (4) are hA ¼ hC and hB ¼ hD, and
the parameters for the 4RE-linkages have the relationships:
f/ð1Þ1 /ð1Þ2 /ð1Þ3 /ð1Þ4 /ð3Þ5 /ð3Þ6 /ð3Þ7 /ð3Þ8 g;
¼ f/ð2Þ5 /ð2Þ6 /ð4Þ7 /ð4Þ8 /ð4Þ1 /ð4Þ2 /ð2Þ3 /ð2Þ4 g: ð11Þ
As shown in Fig. 3(a), we assume that the 4RE-linkages are assem-
bled in a repetitive manner so that joint 1 of one unit corresponds to
joint 3 of an adjacent unit and joint 2 corresponds to joint 4 of an
adjacent unit. If each joint displays a coordinated rotation with a
single degree of freedom, the motion of each 4RE-linkage is equiv-
alent to the rotation of each 8-bar joint, which is indicated by
replacing the superscripts of Eq. (11) with 3  1 and 4  2. Thus,
using the parameters /ðix ;iyÞ illustrated in Fig. 3(b), the motion ofthese repetitive assemblies can be represented by the rotations of
8-bar joints arranged in a periodic square pattern, which are
ðnx þ ny ¼ 2pÞ : /ðixþnx ;iyþnyÞ
¼ /ðix ;iyÞ1 /ðix ;iyÞ2 /ðix ;iyÞ3 /ðix ;iyÞ4 /ðix ;iyÞ5 /ðix ;iyÞ6 /ðix ;iyÞ7 /ðix ;iyÞ8
n o
ð12Þ
and
ðnx þ ny ¼ 2pþ 1Þ : /ðixþnx ;iyþnyÞ
¼ /ðix ;iyÞ5 /ðix ;iyÞ6 /ðix ;iyÞ7 /ðix ;iyÞ8 /ðix ;iyÞ1 /ðix ;iyÞ2 /ðix ;iyÞ3 /ðix ;iyÞ4
n o
; ð13Þ
where nx; ny and p are integers. Therefore, by replacing Eq. (10) with
the rotational modes of an 8-bar joint, the motions of the repetitive
assemblies can be rewritten as
/0 ¼ fþ1þ 1þ 1þ 1þ 1þ 1þ 1þ 1g; 8a;
/1 ¼ fþ1þ 1 1 1þ 1þ 1 1 1g; 8a;
/2 ¼ fþ1 1 1þ 1þ 1 1 1þ 1g; 8a;
/3 ¼ fþ1 1þ 1 1þ 1 1þ 1 1g; 8a;
/4 ¼ fþ1 1 1 1þ 1 1 1 1g; 8a;
/5 ¼ fþ1 1þ 1 1 1 1þ 1þ 1g; a ¼ p=4;
/6 ¼ fþ1 1 1 1 1þ 1þ 1þ 1g; a ¼ p=4;
/7 ¼ fþ1 1 1þ 1þ 1þ 1þ 1þ 1g; a ¼ p=4;
ð14Þ
where /k is serially numbered by k ¼ 0; . . . ;7. It is clear that the
mismatch of the overall conformation never occurs under each
motion of /k because the transformation of each 4RE-linkage in
the repetitive assemblies follows the condition of Eq. (9).
Eq. (14) only represent the possible motions of the 4RE-link-
ages. In fact, to realize these derived motions, we select the proper
connection of an 8-bar joint, which corresponds to each rotational
mode of Eq. (14). We then need to conﬁrm whether the repetitive
assemblies composed of the well-deﬁned 8-bar joints can exhibit
the motion behaviour with a single degree of freedom. Following
the connection rule of an 8-bar joint, it is obvious for each /k that
all the bars with the same direction of rotation are rigidly con-
nected together and all the bars with a different direction of rota-
tion are pivotally connected together. Then, the rigid body coupled
with bars can be counted as a single component under the Kutz-
bach criterion. For instance, in the case of /3, the rigid component
formed by the odd-numbered bars and the rigid component
formed by the even-numbered bars are hinged to each other as
an 8-bar joint with n ¼ 2 and j1 ¼ 1. According to the above meth-
od of connecting, 4RE-linkages can be repetitively assembled with
identical joints. If the mechanism of the obtained repetitive assem-
bly is greater than one (m > 1), the structure no longer has a single
degree of freedom. On the other hand, the repetitive assembly with
m 6 1 can behave as a motion structure. In particular, it is not nec-
essary for a motion structure with an overconstrained mechanism
to have the entire number of 8-bar joints satisfying the connection
rule to achieve motion.
Each mode /k in Eq. (14) is discussed here. We deﬁne the mo-
tion of the repetitive assembly by b/k, where b indicates the coor-
dinated rotation angle of all the beam members. The paths
described by the movement of b/kðk ¼ 1;    ;4Þ for 2 2 unit cells
with a ¼ 50 are illustrated in Fig. 4, and the paths described by the
movement of b/k ðk ¼ 5;6;7Þ for 2 2 unit cells with a ¼ 45 are
illustrated in Fig. 5. The observations on each motion of the repet-
itive assemblies in Figs. 4 and 5 are summarized as follows:
(i) k = 1. The rotation of all the REs (indicated by the angle of
the broken lines) constitutes the motion of /1 (Fig. 4(b)).
This is one of the common modes of motion of square grids
connected with scissor type revolute joints. Note that
m ¼ 3 from n ¼ 6 and j1 ¼ 9 under the Kutzbach criterion.
Therefore, this is overconstrained.
Fig. 4. Diagrams of the transformation of b/kðk ¼ 1; . . . ;4Þ for a ¼ 50 . Here, the red-colored bars exhibit the positive rotations and the blue-colored bars exhibit the negative
rotations for each obtained mode. In addition, the purple-colored bars represent complete overlaps between the red-colored and blue-colored bars. The adjacent beam
members painted in the same color, blue or red, are rigidly connected together on all the pivot joints. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
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Fig. 5. Diagrams of the transformation of b/kðk ¼ 5;6;7Þ for a ¼ 45 . The colors of the bars have the same meanings as the colors adopted in Fig. 4.
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of transformations of REs, which accompany the elongation
and contraction of the broken lines (Fig. 4(c) and (d)). These
two structures are repetitively assembled with closed double
chain linkages consisting of four pairs of scissor-like elements
(Mao et al., 2009). The motion of /2 is nearly equal to the
transformation of square gridswith scissor hinges. It is appar-
ent that the two motions of /2 and the square grids are com-
pletely consistent in the case of the initial conﬁguration for
a ¼ p=4. Meanwhile, the motion of /3 displays the overall
contraction ðb < 0Þ and expansion ðb > 0Þ according to the
similarity transformation of the regular squares enclosed by
the broken lines. This motion is asymmetric to the rotational
direction of b. Note that the two types of motion, both /2 and/3, are highly overconstrainedmechanismsbecausem ¼ 15
from n ¼ 18 and j1 ¼ 33.
(iii) k ¼ 4 and k ¼ 5. Both motions of /4 and /5 are evenly mixed
by the rotation and transformation of REs, and these shapes
of the two motions display an asymmetrical relationship
with respect to b; in other words, the structures expand with
increasing b (Fig. 4(e) and Fig. 5(b)). In particular, in the case
of the conﬁgurations for a ¼ p=4, the overall transforma-
tions change from two regular squares (minimum size) to
10 regular squares (maximum size) for both motions. View-
ing the rotation of a RE as the angle of a broken line, each
joint seems to be a 6-bar joint. Calculating the condition of
the Kutzbach criterion for 6-bar joints gives m ¼ 9 from
n ¼ 12; j1 ¼ 21.
φRTφLT
φLB φRB
a b
Fig. 6. The motion structure of the combined assembly with a ¼ 50 is made up of
the rotational modes, /2;/3 and /RT;LT;LB;RB: the conformation rotated by (a)
b ¼ 22:5 and (b) b ¼ þ22:5 . The colors of the bars have the same meanings as
the colors adopted in Fig. 4.
a b
Fig. 7. (a) The motion structure of the combined assembly with a ¼ 45 is made up
of the rotational modes, /2;/6 and /7; (b) The motion structure of (a) can become a
shadow part of the repetitive assembly with only the rotational modes /6. The
colors of the bars have the same meanings as the colors adopted in Fig. 4.
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also evenly formed rotations and transformations of the REs,
but both shapes of the two motions display a symmetrical
relationship with respect to b (Fig. 5(c) and (d)). While mov-
ing, the number of connections on each joint is constantly
four. Thus, these two motions can be classiﬁed as the trans-
formations of square grids: in one, the adjacent regular
square-blocks rotate in opposite directions (/6), and in the
other, the in-line regular square-blocks rotate in the same
direction (/7). The motion /6 shows that m ¼ 3 from
n ¼ 14; j1 ¼ 21, which is consistent with the auxetic behav-
iour from rotating squares that is discussed by Grima and
Evans (2000). On the other hand, the motion /7 shows that
m ¼ 2 from n ¼ 7; j1 ¼ 8. Therefore, this conformation has
two degrees of freedom. Fig. 5(d) shows the one-way trans-
fer of rhombic transformation because of the orientation of
the rotational mode /7. Because there are two lines of trans-
fer in 2 2 cells, it is impossible to activate the motion of /7
by a single internal actuation.Fig. 8. The motion structure of the combined assembly with a ¼ 45 is made up of the r
the bars have the same meanings as the colors adopted in Fig. 4.We now propose the combined assemblies be built from 4RE-
linkages with several different rotational modes obtained from
Eq. (14). There are three kinds of combined assemblies described
as structural examples in this study.
Fig. 6(a) and (b) show the ﬁrst example of the structure, which
is formed by the two types of motions of 4RE-linkages activated by
/2 and /3 (Fig. 4(c) and (d)). Note that the rotational modes of the
8-bar joint on its four corners never conform to any part of Eq. (14).
These modes, /RT;/LT;/LB;/RB, are respectively written as
/RT ¼ f1þ 1þ 1 1þ 1 1 1þ 1g;
/LT ¼ f1þ 1 1þ 1þ 1 1þ 1 1g ¼ Tðr2Þ/RT;
/LB ¼ fþ1 1 1þ 1 1þ 1þ 1 1g ¼ Tðr4Þ/RT;
/RB ¼ fþ1 1þ 1 1 1þ 1 1þ 1g ¼ Tðr6Þ/RT;
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Fig. 10. Periodical patterns of the story levels in the repetitive assembly with /3: (a) 4 layers; (b) 8 layers.
ba
Fig. 9. Illustrations of the interference between components: (a) tanðaþ bÞ 	 1; (b) tanðaþ bÞ 	 1=2.
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the vector parameter /RT. The structure exists regardless of any ini-
tial conﬁguration determined by a because two motions, both /2
and /3, are possible for an arbitrary a.
Second is the example of an assembly realized only for a ¼ p=4,
as shown in Fig. 7(a) and (b). Fig. 7(a) shows that three rotational
modes of /2;/6 and /7 constitute the motion. Moreover, as shown
in Fig. 7(b), the arranged assemblies can make up an overall motion
that is similar to the transformation mode of /6. Although it is a
conventional motion resulting from square grids, the second exam-
ple suggests that the combined motion with /2;/6 and /7 enables
the structure to represent parts of the other motion, which corre-
spond to the rotation and transformation of REs.
We also introduce one of the second type of combined assem-
blies as shown in Fig. 8. Considering the conﬁguration of joints
shown in the inset in Fig. 8(a), the rotational modes on joints are
given as follows:
/ð0;0Þ ¼ /3;
/ð1;þ2Þ ¼ Tðr1Þ/4; /ð2;þ1Þ ¼ þTðr2Þ/4;
/ð2;1Þ ¼ Tðr3Þ/4; /ð1;2Þ ¼ þTðr4Þ/4;
/ðþ1;2Þ ¼ Tðr5Þ/4; /ðþ2;1Þ ¼ þTðr6Þ/4;
/ðþ2;þ1Þ ¼ Tðr7Þ/4; /ðþ1;þ2Þ ¼ þTðr0Þ/4;
/ð1;þ1Þ ¼ /ð2;þ2Þ ¼ þTðr0Þ/5; /ð1;0Þ ¼ /ð2;0Þ ¼ Tðr1Þ/5;
/ð1;1Þ ¼ /ð2;2Þ ¼ þTðr2Þ/5; /ð0;1Þ ¼ /ð0;2Þ ¼ Tðr3Þ/5;
/ðþ1;1Þ ¼ /ðþ2;2Þ ¼ þTðr4Þ/5; /ðþ1;0Þ ¼ /ðþ2;0Þ ¼ Tðr5Þ/5;
/ðþ1;þ1Þ ¼ /ðþ2;þ2Þ ¼ þTðr6Þ/5; /ðþ1;0Þ ¼ /ðþ2;0Þ ¼ Tðr7Þ/5:
ð16Þ
According to the given rotational modes of Eq. (16), the proposed
structure transforms while maintaining high symmetry as shown
in Fig. 8. In particular, the motion activated by b ¼ 0 to 45
achieves the quarter rotation of the overall square cells through
the conﬁguration with D8 symmetry, which has an 8-fold rotation
centre and 8 axes of symmetry passing through the centre (Coxeter,
1961).centra
a
Fig. 11. (a) Exploded view of the designed 8-bar joint; (b) the conﬁgurations of the disc-j
assembly with /3.3. Manufactured model
In Section 2, some possible motions of 4RE-linkages have been
derived without considering whether the straight bars and joints
might make contact during motion. In fact most of the obtained
planar motions interfere in this manner, e.g., /3 and /4 (Fig. 4(c)
and (d)). In this section, we assume the repetitive assembly with
/3 andmake a physical model of the motion structure to determine
actual conformations that overcome the above problem.
The planar motion of a repetitive assembly with /3 exhibits
periodicity with D4 symmetry on each unit cell. In the folding pro-
cess, the ﬁrst contact of their components may occur on each unit
for aþ b ¼ 45 (see Fig. 9(a)). After that, the contacts between the
components of different cells are repeated up to a minimum size
for aþ b ¼ 0. For example, Fig. 9(b) illustrates the motion state
just before the secondary contacts on the cell lines. Therefore, it
is necessary for each module to assemble the bars and joints at
an appropriate height to avoid contacts when applying the rule
of periodicity. To address the above problem, there are two exam-
ples of assemblies with hierarchical modules shown in Fig. 10(a)
and (b). Here, the height levels are numbered, with the lowest level
starting at +1.
The former structure is assembled by applying two types of
module in 4 layers. One module corresponds to the inset of circle
A and the other module corresponds to circle B (Fig. 10(a)). In
the case of circle A, two rigid cross-bars blended at levels (+1,+2)
and at levels (+3,+4) comprise the module. Similarly, in the case
of circle B, two rigid cross-bars blended at level (+1,+4) and at level
(+2,+3) comprise a module. In both cases, the two types of modules
are made up of their two rigid cross-bars connected by pivots. This
type of structure shown in Fig. 10(a) was ﬁrst described in
Hoberman Designs Inc. (2011).
The latter structure is simply assembled using a single type of
module with 8 layers (Fig. 10(b)). However, unlike the modules
with 4 layers, the rotational mode /3 of the module with 8 layers
cannot be achieved with only a simple pivot. To realize the rota-
tional mode /3 of the module with 8 layers, it is necessary tol axis
Level 1
Level 2
Level 3
Level 4
Level 5
Level 6
Level 7
Level 8
Minimum Maximum b
oints for the minimum contraction and maximum expansion states of the repetitive
Fig. 12. Overview of a manufactured repetitive assembly with /3 (4 4 cells).
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jointed by the bars at levels (+1, +3, +5, +7) or the bars at levels
(+2, +4, +6, +8), respectively. Fig. 11(a) illustrates an exploded view
of the module with 8 layers, which is a design proposal that en-
ables a rotational mode /3. For this module, eight bars with disc-
joints are stacked by centering on a pin. Each disc-joint has a small
hole in the centre to accommodate the location pin, and a circle
hole and a circular arc hole, which are located on the concyclic line.
Then, two identical stud-bolts pass through either the circle hole or
the circular arc hole of each disc-joint. One stud-bolt is inserted
into the circle holes of the disc-joints at levels (+1, +3, +5, +7)Fig. 13. Top and side photographs of the expanding behaviour of the repetitive assembly
Movie S1.and the circular arc hole of the disc-joints at levels (+2, +4, +6,
+8), and vice versa. Because the stud-bolts through the circle holes
are ﬁxed and the stud-bolts through the circular arc holes can
freely rotate in the plane of the disc-joints, the design module sat-
isﬁes the connective condition for /3 as mentioned above. For in-
stance, Fig. 11(b) shows the conﬁguration of the disc-joints at
each level as the minimum size (aþ b ¼ 0) and the maximum size
(aþ b ¼ 90) of the structure.
Fig. 12 shows the manufactured structure made up of modules
with 8 layers. The structure forms 4 4 cells and its modules are
connected by revolute joints as 2-bar joints. Note that the modules
on the boundary consist of the minimum number of bars for the
connections. The solid bar, integrated with a disc-joint, is made
from aluminum. Each bar ‘ is 100 mm long, and the total weight
of the structure is about 2.4 kg.
As shown in Fig. 13(a)–(d), the expanding motion of the manu-
factured structure is driven by a single rotary actuator acting on
the centre module, the position of which is (0,0). The minimum
size of the manufactured model is 320 320 mm2, and the maxi-
mum size is 830 830 mm2. The deployment rate is about 2.6.
Note that the four modules on ð
1;
1Þ are suspended from the
ceiling to avoid increasing the friction in the joints and bars be-
cause of the deﬂection of the overall structure. For the centre mod-
ule, the disc-joints at levels (+2,+4,+6,+8) are ﬁxed on the ground
and the disc-joints at levels (+1,+3,+5,+7) are rotated clockwise by
the actuation. Therefore, the expanding motion of this system iswith /3. A sequence of expanding and folding motions is available as Supplementary
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the folding motion with /0 and /3 can be driven by reversed rota-
tion of the actuator. For the shape in Fig. 13(c), it can be seen that
this motion structure has a kinematic bifurcation point with re-
spect to the modules located on the four corners. This is not signif-
icant for the overall motion because each secondary path
immediately recovers the primary path in real motion (Supple-
mentary Movie S1).
4. Conclusions
We have demonstrated seven types of motion pattern for a 4RE-
linkage by straightforward calculations based on geometric consid-
erations, and have also proposed certain motions of the repetitive
assemblies to select the combinations of the obtained motions for a
4RE-linkage. To produce a highly symmetric structure with D4
symmetry, we have examined a variety of telescopic motions,
which range from those based on the well-known behaviour of
square grids to novel mobility modes that are not yet publically
available. In particular, the combined motion in Fig. 8 is interesting
from the point of view of structural mechanics. This movable struc-
ture potentially has high stiffness with D8 symmetry if it can be
made to transform to the bidirectional square grids (0- or 45-ax-
ial direction) in response to changing external loads.
In addition, we have manufactured a repetitive assembly built
out of modules that have foldable and expandable motion resulting
from the rotational mode /3 of the 8-bar joints. To avoid interfer-
ence between the components, we have developed a hierarchical
framework connected by modules with 8 layers, each of which
enables the rotation of /3. In fact, a deployable motion has been
demonstrated resulting from the coordinated motions of all the
modules, which are internally activated by a single rotary actuation.
Through this work, we have introduced certain rotational
modes of an 8-bar joint, which determine the transformation of
the motion structure assembled with 4RE-linkages. The complexity
of the joint as observed in the manufactured test structure seems
to be undesirable for a mechanical system. However, a structural
concept that focuses on the rotational modes of connections might
become a key item for developing novel spatial structures in two-
and three-dimensional solids.
For instance, Verheyen (1989a) developed a complete set of
three-dimensional spatial structures with polyhedron motions
based on the Jitterbug transformation (Fuller, 1975). In the one of
Verheyen’s architectures, the cubic structure is made up of dipoly-
gon units in each of which two square plates are connected by a
pinned joint passing through the centres of the squares (Verheyn,
1989b). It can be observed that each planar motion of the Verh-
eyen’s cube is consistent with the rotational mode /3 of an 8-bar
joint: in this way, the 4 half-diagonals of a square form 4 bars,
and the two squares produce 8 bars meeting at the centre, forming
an 8-bar joint. The above instance suggests that the two-dimen-
sional structure with planar mobility can be used as three-dimen-
sional space ﬁllers that transform into other space ﬁllers in each
position. Thus, our proposed structures can be extended to general
spatial structures when considering the projections of three-
dimensional motions and their proper conﬁgurations.
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